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Kinematical and static force analysis 
on redundant drive wire mechanism 
with velocity constraint modules to reduce  
the number of actuators
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Abstract 

This study proposes new wire mechanism called “the redundant drive wire mechanism” (RDWM), driven by double 
actuator modules. The RDWM is configured with velocity constraint modules (VCMs) that provide high-acceleration 
global and fine local motions. Suitable RDWM candidates are found by combining the kinematic analysis with static 
force analysis. The study also clarifies the role of VCMs in reducing the required number of actuators while keeping the 
orientation of the top plate. We propose a judgment procedure with three steps: a static force analysis in the whole 
motion space, a kinematic analysis that finds the active constraint space wherein the top plate can produce velocity 
and a static force analysis in this active constraint space. The proposed judgment procedure and the role of VCMs are 
validated by examples.
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Background
The structure of wire mechanisms are often employed 
to configure fast mechanisms. Wire mechanisms reduce 
the inertia of the top plate, enabling large acceleration 
motions. For example, the wire driven method called 
“FALCON” was configured in a high-speed manipulator 
[1], with a peak acceleration of 43 G. In this method, the 
redundant drive concept was applied in a parallel mech-
anism to produce a large resultant force. The “NINJA” 
mechanism [2] was rendered light-weight by arrang-
ing the motors on a base. Its top plate with six degrees 
of freedom (DOF) was driven by four sub-arms with 
a parallel link structure. The design parameters of the 
mechanism were optimized while reducing the inertia 
of the top plate. In experiments, the encoders computed 
that “NINJA” can accelerate to ≥100 G. The mechanisms 
of “DELTA” [3] and “HEXA” [4] were based on similar 
concepts. Later, Nagai et al. [5] introduced a high-speed 

parallel mechanism for electronic part mounters, known 
as “the constrained differential drive mechanism” 
(CDDM). They analyzed a typical four-DOF pick-and-
place motion and divided the trajectory into two regions, 
A and B. In region A, high-precision motions were pro-
duced, whereas high-acceleration motions were pro-
duced in region B. Thereafter, they integrated CDDM and 
the virtual force redundancy (VFR) concept into a high-
speed parallel mechanism. Experimentally, this mecha-
nism accelerate to ≥20 G. Recently, a mechanism known 
as “the capturing robot” was introduced, which achieved 
accelerations of 100 G [6] by utilizing the spring energy 
in the pre-shaping dynamics of the link fingers. However, 
high-acceleration motions were limited to one direction 
when moving to grasp an object.

The configurations of mechanisms with separated 
parts for global and local motions have also been studied. 
Osumi and colleagues [7] and [8] installed a manipulator 
on the top plate. In this mechanism, the top plate pro-
duced the global motion, whereas the changing pose of 
the manipulator produced the local motion. Lampariello 
et  al. [9] introduced their robot named “KUKA,” which 
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produces similar motions by two manipulators installed 
on a platform. However, installing the actuators or 
manipulators on the top plate impacts a very high inertia 
to the top plate, reducing the capability for high-accelera-
tion global motions.

To judge whether wire tension can constrain the top 
plate and whether the conventional wire mechanism can 
generate an omnidirectional resultant force, Cong Pham 
et al. [10, 11] adopted the force closure condition [12] in 
the workspace analysis. They proposed an algorithm that 
determines the optimal workspace with the optimal ten-
sion factor value, thereby simplifying the analysis.

Following an investigation of these topics, we began 
seeking a mechanism that yields high-acceleration 
motion, a mechanism that generates both global and local 
motions, and a method for judging the configurations of 
wire mechanisms. The redundant drive wire mechanism 
(RDWM) with double actuator modules (DAMs) for real-
izing fast and fine motion has been already proposed [13]. 
The DAM is a pair of actuators that control the length or 
tension of a single wire, generating a large translational 
force that greatly accelerates the top plate. Because the 
actuators are positioned outside of the top plate, the top 
plate develops low inertia and achieves high-acceleration 
motions. In addition, fine-local motions are generated on 
the top plate. However, RDWM requires a large number 
of actuators: at least eight in the planar case and 14 in the 
3D case.

To reduce the number of actuators, we previously 
introduced a velocity constraint module (VCM) into 
RDWM [14]. The VCM applies the same velocities to dif-
ferent points of the top plate, then constrains the orien-
tation around a certain axis. This constraint is irrelevant 
to the RDWM because the orientation of the end effector 
can be adjusted by a local mechanism. The literature has 
confirmed the strong performance of VCM in the pla-
nar case, but the 3D case requires further investigation. 
Moreover, methodologies for judging the RDWM candi-
dates remain insufficiently studied.

Therefore, this study investigates the reduction in the 
number of actuators by introducing VCMs to RDWM in 
the 3D case, not merely in the planar case. It then dis-
cusses the judgment procedure, which assesses whether 
RDWM candidate configurations generate the desired 
motion space. The remainder of the paper is organized 
as follows. First, the basic structure and basic concept of 
RDWM with and without VCMs is introduced and the 
technical problems of introducing VCMs into RDWM 
are discussed. Second, the procedure for judging can-
didate RDWMs with and without VCMs is proposed. 
Third, the judgment procedure is validated in numerical 
examples of planar and 3D cases. These examples also 
confirm the role of the VCMs in reducing the number of 

actuators while keeping the orientation of the top plate. 
The study findings are summarized in the “Conclusion” 
section.

Problem statement
Basic structure of RDWM
In the RDWM concept, the DAMs are used to achieve 
high-acceleration and high precision-motions, and a 
1DOF RDWM has been already proposed [13]. The DAM 
contains two actuators that move the top plate and rotate 
the local pulley, as shown in Fig. 1. When the two actua-
tors rotate in the same direction, a global translational 
motion is produced. Conversely, when the two actuators 
rotate in different directions, local pulley rotates to gen-
erate precise local motion. As shown in Fig.  2, the top 
plate in RDWM in RDWM is controlled by fourteen wires 
in seven DAMs. The RDWM can move at high speed 
through a large working space and also undertake specific 
tasks with high precise using the three fingers on its top 
plate. The fingers perform grasping tasks using a common 
DOF and can hold the object using two DOFs for each 
finger. The structure of a planar RDWM using four DAMs 
is shown in Fig.  3. Global, high-acceleration motions of 
the top plate are achieved by applying a large translational 
force to the mechanism. This force is the sum of the two 
wire tensions of each DAM. The difference between the 
wire tensions of each DAM generates a torque for the cor-
responding local pulley, enabling precise local motions of 
the top plate mechanism. The basic equations of the pla-
nar RDWM using four DAMs are given below:

(1)F = WT ,

(2)l̇ = W Tv,

Actuator   1
Top plate

  -th Double Actuator 
Module Base

Actuator   2

Local pulley

.

.

.

.

Fig. 1 Double-actuator module
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where: F = [ fx fy nz n1 n2 n3 n4 ]T ∈ R7 is the result-
ant force vector. Here fx and fy are the resultant forces 
in the X and Y directions, respectively, for global 
motion of the top plate; nz is the resultant moment 
around the Z-axis for global motion of the top plate; 
and n1, n2, n3, n4 are torques on the four local pulleys.  
T = [T11 T12 T21 T22 T31 T32 T41 T42 ]T ∈ R8 is the wire  
tension vector, where Tij (i = 1, 2, 3, 4; j = 1, 2) is the tension  
on each wire, and l̇ = [ l̇11 l̇12 l̇21 l̇22 l̇31 l̇32 l̇41 l̇42 ]T ∈ R8 is 
the wire velocity vector, where l̇ij (i = 1, 2, 3, 4; j = 1, 2) is 
the velocity of each wire. v = [ ṗx ṗy φ̇z θ̇1 θ̇2 θ̇3 θ̇4 ]T ∈ R7 
is the output velocity vector, where ṗx and ṗy are the top 

plate’s velocities in the X and Y directions respectively, 
φ̇z is the top plate’s angular velocity around the Z-axis, 
θ̇1, θ̇2, θ̇3 and θ̇4 are the local pulleys’ angular velocities, and 
W ∈ R7×8 is the wire matrix, which can be derived from 
Eq. (75).

The basic equations of actuators are represented as 
follows:

where q̇ = [ q̇11 q̇12 q̇21 q̇22 q̇31 q̇32 q̇41 q̇42 ]T ∈ R8 is the  
actuator velocity vector. Here q̇ij (i = 1, 2, 3, 4; j = 1, 2) 
is angular velocity of each actuator, and τ = [ τ11 τ12
τ21 τ22 τ31 τ32 τ41 τ42 ]T ∈ R

8 is the actuator torque vec-
tor, where τij (i = 1, 2, 3, 4; j = 1, 2) is the torque of each 
actuator. J = diag.(N11,N12, . . . ,N42) ∈ R8×8 is a regular 
matrix of reduction ratios Nij (i = 1, 2, 3, 4; j = 1, 2) of 
actuator ijth which include the pulley radius information. 
J  is actually the Jacobian matrix between the wire and 
actuator velocities.

Basic concept of RDWM with VCM
Figure 4a shows a VCM with a single actuator module. The 
VCM is characterized by equality of the two wire veloci-
ties l̇i1 and l̇i2, which restricts the posture of the top plate 
around the axis perpendicular to the plane containing the 
two wires. The VCM requires one fewer actuator than driv-
ing the top plate in the same direction by two single wires.

Similarly, the VCM is combined with DAM to gener-
ate high acceleration motions is shown in Fig. 4b. Here, 
the two summation velocities l̇i and l̇i+1 are equal because 
l̇i1 = l̇(i+1)1 and l̇i2 = l̇(i+1)2. This configuration restricts 
the posture of the top plate around the axis perpendic-
ular to the plane containing the four wires. This VCM 
requires two fewer actuators than driving the top plate in 
the same direction by two DAMs.

The above analysis shows that configuring VCMs on 
RDWM can reduce the required number of actuators. 
Moreover, the VCMs constraint the posture of the top 
plate. Therefore, we can propose candidate RDWMs 
with VCMs that fix the posture of the top plate and allow 
translational-only motions with fewer actuators than 
other configurations. However, this research excludes the 
vibration of the mechanism and investigations on vibra-
tion suppression. The wire is assumed as ideally stiffness 
with no wire elasticity.

Figure 5 shows the basic concept of RDWM with VCM. 
As shown in this figure, the top plate can move at fast 
speed through a large working space, but its orientation is 
fixed by the VCMs, which have parallel alignments of two 
sets of double wires. However, the orientation of the top 
plate is intrinsically difficult to change, and the end point 

(3)l̇ = J q̇,

(4)τ = JTT ,Top plate

Fingers

Double actuator modules

Fig. 2 Image of the target wire mechanism

Fig. 3 Planar RDWM with four DAMs
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of the RDWM can be reoriented by fine motions generated 
by the local mechanism in the proposed structure. Figure 7 
shows the proposed structure of the planar RDWM with a 
VCM. The structure is governed by Eqs. (1) and (2) and the 
following basic equations of the actuators:

where q̇vc = [ q̇11 q̇12 q̇21 q̇22 q̇31 q̇32 ]T ∈ R6 is the 
actuator velocity vector. Here q̇ij (i = 1, 2, 3; j = 1, 2) is  
the angular velocity of each actuator. τ vc = [ τ11 τ12
τ21 τ22 τ31 τ32 ]T ∈ R

6 is the actuator torque vector, where 
τij (i = 1, 2, 3; j = 1, 2) is the torque on each actuator, and 
J vc ∈ R8×6 is the Jacobian matrix between the wire and 
actuator velocities.

In the numerical test cases (see later), the VCMs reduce 
the number of required actuator units from 8 to 6 in the 
planar RDWM and from 14 to 8 in the 3D RDWM.

Technical problems to be solved
There is an important difference between Eqs. (3), (4) and 
(5), (6). The latter pair of equations expresses the con-
straint imposed by the VCMs. Unlike J , the matrix J vc is 
not regular because it contains the constraint; therefore, 
the wire tensions are interdependent. The kinematics 
equations of the whole mechanism are derived from the 
set of Eqs. (2), (3) and the set of Eqs. (2), (5) for the pla-
nar RDWM with DAMs and planar RDWM with VCM, 
respectively:

(5)l̇ = J vcq̇vc,

(6)τ vc = JTvcT ,

(7)J q̇ = W Tv,

(8)J vcq̇vc = W Tv,

Top plate

M

Top plate
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i
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b

Fig. 4 VCM with a single actuator module and b DAM

Objects for tasks
Local mechanism

Top plate

B noitisoPA noitisoP
Fast motion by the top plate

Fine motion by the
local mechanism

Fig. 5 Basic concept of RDWM with VCM
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from Eq. (7), it is easily to derive q̇ = J−1W Tv and the 
velocity of actuator unit q̇ can be got because the matrix 
J ∈ R8×8 is a regular one and is invertible. However, con-
sidering Eq. (8): it cannot be directly solved as Eq. (7) 
because the matrices J vc ∈ R8×6 is not regular and is not 
invertible. Therefore, the configuration of RDWM with 
VCM needs to use a kinematical analysis based on con-
vex analysis to solve the problem.

The RDWM candidates cannot be judged solely by 
checking the vector closure condition (static force anal-
ysis). The space (directions and dimensions) of produc-
ible velocity of the top plate must be found by kinematic 
analysis because the VCM excludes the velocity from 
certain directions. In some cases, the space of producible 
velocity of the top plate can be intuited from geometrical 
considerations (see Fig. 7) as mentioned in the subsection 
“Basic concept of RDWM with VCM”. However, in more 
general cases, this space must be found by an analytical 
method without relying on intuition. Whether the result-
ant global-motion force is generated in the desired direc-
tion within the space of producible velocity must then be 
judged by static force analysis. In stepwise fashion, these 
two analyses will find proper candidate RDWMs with/
without VCM. The kinematical analysis was conducted in 
our previous work [14] based on [16], but more consid-
ered combined analysis is presented here.

Proposed judgment procedure for finding RDWM 
candidates with/without VCM
Outline of the procedure
To solve the technical problems discussed in the previous 
section, we propose the following judgment procedure 
for finding RDWM candidates with/without VCM:

Step 1: Check the necessary condition for vector closure;
Step 2: Find the space of producible velocity (also called 
the active constraint space SAC) by kinematical analysis;
Step 3: Check the vector closure condition within the 
space of producible velocity.

The above judgment procedure is applicable to RDWM 
candidates with and without VCM. The contents of each 
step are described as below:

Using the vector closure condition, step 1 judges 
whether a resultant force in any direction on the top 
plate covers the whole motion space. This is a necessary 
condition.

By kinematical analysis, step 2 derives the active and 
passive constraint spaces, in which the top plate can and 
cannot acquire a velocity, respectively.

Using the vector closure condition, step 3 judges 
whether a resultant force in any direction on the top plate 
covers the active constraint space derived in step 2.

The proposed judgment procedure can be demon-
strated in simple planar configurations, as illustrated in 
Figs. 3, 7 and 8.

Intuitively, the top plate in Fig. 3 can move in the XOY 
plane and also rotate around the Z-axis. In step 1, the 
resultant force should be produced in the X and Y direc-
tions and around the Z-axis. Step 2, the velocity of the 
top plate should also be produced in the X and Y direc-
tions and around the Z-axis. In step 3, the resultant force 
force in the static force analysis should again be produc-
ible in the X and Y directions and around the Z-axis.

Intuitively the top plate in Fig. 7 can move in the XOY 
plane but the VCM forbids its rotation around the Z-axis. 
In step 1, the resultant force should be produced in the 
X and Y directions and around the Z-axis. The step 2 
should restrict the velocity of the top plate to the X and 
Y directions. In step 3, the static force analysis should 
restrict the resultant force to the active constraint space 
(i.e., the X and Y directions).

Intuitively, the configuration of Fig. 8 cannot realize a 
positive resultant moment around the Z-axis, so appears 
improper. Step 1 fails to obtain a producible resultant 
force in all directions. In step 2, the velocity of the top 
plate should be producible in the X and Y directions and 
around the Z-axis. However, similar to the step 1, step 
3 cannot find a resultant force that is produced in any 
direction.

Details of step 1: checking the necessary condition 
for holding the vector closure
Step 1 uses the vector closure condition [1, 17] (which 
is a necessary condition) to judge whether the resultant 
force can be produced in any direction through out the 
motion space of the mechanism. The contents of this 
condition are detailed below:

An RDWM with n DOFs global motion of the top plate 
satisfies the vector closure condition if the wire matrix 
contributing to the resultant force on the top plate WG 
satisfies the following two conditions:

C1) rank(WG) = n.
C2) There exists a vector T > 0 that satisfies WGT = 0 .

For checking the vector closure condition, it is sufficient to 
derive the matrix WG by Eq. (23) because this matrix alone 
contributes to the resultant force for producing global 
motion of the top plate. The rank(WG) in condition C1 
defines the number of permitted directions of the result-
ant forces. If rank(WG) is full (=n) the resultant forces can 
be produced in the whole motion space of the mechanism. 
In contrast, a partial rank(WG) denotes that the result-
ant force cannot be produced in one or more directions, 
so the mechanism configuration should be eliminated. 
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Under condition C2, the matrix WG may not be regular 
because the sizes of wire tension vector T  and the result-
ant force vector on the whole motion space F  may differ. 
In this case, the number of roots exceeds the number of 
equations. If the candidate RDWM is feasible, a positive 
wire tension T  such that WGT = 0 will exist, meaning 
that the resultant force can be produced in any direction 
throughout the whole motion space. Any wire mechanism 
in which matrix WG satisfies both C1 and C2 will satisfy 
the vector closure condition, and the resultant force can be 
produced in any direction within the whole motion space.

Details of step 2: find the producible velocity space 
by kinematical analysis (KA)
The kinematical analysis judges the motion direction space 
of the RDWM candidates. This procedure first derives the 
velocities of the DAMs and VCMs contributing to the top 
plate’s velocity. The derived velocity sets are then com-
bined into a complete set of the top plate’s velocities, which 
is converted from face-form to span-form by convex the-
ory. The conversion procedure is summarized in Appendix 
4, and is comprehensively solved by linear programming in 
[18]. The kinematical analysis is detailed below:

a. Set of top plate velocities contributed by the DAM 
without VCM
Assuming that the wire velocities satisfy −1[m/s] ≤ l̇ij ≤ 
1[m/s], the DAM characteristic yield the following 
inequalities:

Eq. (9) implies that each wire can produce a non-zero 
velocity (either positive or negative). The values “1” and 
“−1” are dummy values with no specific meaning. In 
matrix form, these inequalities are expressed as:

where

The upper 2× 2 block of ALdi and the upper two rows of 
bLdi in Eq. (11) correspond to the upper inequality related 
to l̇i1 in Eq. (9). Similarly, the lower 2× 2 block of ALdi 
and the lower two rows of bLdi in Eq. (11) correspond to 
the lower inequality related to l̇i2 in Eq. (9).

Considering the kinematic equation l̇di = W T
Givdi, the 

set of top plate velocities contributed by the DAM with-
out VCM is given by

(9)

{

−1 ≤ l̇i1 ≤ 1,

−1 ≤ l̇i2 ≤ 1.

(10)ALdi l̇di ≤ bLdi,

(11)ALdi =









−1 0

1 0

0 −1

0 1









∈ R4×2, bLdi =









1

1

1

1









∈ R4.

(12)V di = {vdi|AVdivdi ≤ bVdi},

where the matrix AVdi in Eq. (12) is computed as

and the matrix WGi related to the global motion of the 
top plate of the DAM without VCM is given by

with Bei = Beij (j = 1, 2). Mathematically, the symbol “×”  
in this equation is the operator to calculate the cross 
product of two vectors in R3 where each vector contains 
three elements of X, Y and Z axes. However, in this paper, 
the symbol “×” is also used to calculate the cross prod-
uct of two vectors in R2 and the result of this product is 
a scalar. The detail of its derivation is shown in Appendix 
1. Here, n is the number of global motion DOFs of the 
top plate; n = 2 in the 1D mechanism, n = 3 in the planar 
mechanism and n = 6 in the 3D mechanism.

b. Set of top plate velocities contributed by the DAM 
with VCM
Assuming that the wire velocities satisfy −1[m/s] ≤ l̇ij ≤ 
1[m/s] and considering the characteristic of VCM, we 
obtain the following inequalities:

Equation (14) implies that each wire can produce a non-
zero velocity (either positive or negative), so the values 
“1” and “−1” have no specific meaning. In matrix form, 
these inequalities are expressed as

where:

AVdi = ALdiW
T
Gi,

(13)WGi =
[

B
ei

B
ei

B
pBi1 × B

ei
B
pBi2 × B

ei

]

∈ R
n×2; i = 1, . . .ND ,

(14)















−1 ≤ l̇i1 ≤ 1,

l̇i1 = l̇(i+1)1,

−1 ≤ l̇i2 ≤ 1,

l̇i2 = l̇(i+1)2.

(15)ALvm l̇vm ≤ bLvm,

(16)

ALvm =

























−1 0 0 0

1 0 0 0

1 0 −1 0

−1 0 1 0

0 −1 0 0

0 1 0 0

0 1 0 −1

0 −1 0 1

























∈ R
8×4

,

bLvm =

























1

1

0

0

1

1

0

0

























∈ R
8
.
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In Eq. (16), the upper 2× 4 block of ALvm and the first 
two row of bLvm correspond to the first inequality related 
to l̇i1 in Eq. (14), and the second 2× 4 block of ALvm and 
the third and fourth rows of bLvm correspond to the first 
equality related to l̇i1, l̇(i+1)1 in Eq. (14). Similarly, the 
third 2× 4 block of ALvm and the fifth and sixth rows 
of bLvm in Eq. (16) correspond to the second inequality 
related to l̇i2 in Eq. (14), and the last 2× 4 block of ALvm 
and the final two rows of bLvm correspond to the second 
equality related to Eq. (14).

Considering the kinematic equation, l̇vm = W T
GVmvvm , 

the set of top plate velocities contributed by the DAM 
with VCM is given by

where the matrix AVvm in Eq. (17) is computed as

and the matrix WGVm related to the global motion of the 
top plate of the DAM with VCM is given by

with Bek = Bekj = e(k+1)j (j = 1, 2). Here, k is the order-
ing number of DAM without VCM when considering a 
DAM with VCM contains two DAMs without VCM.

c. Face form of the producible velocity space
Combining all velocity sets of the top plate contributed 
by all modules, the face form of the producible velocity 
space of the top plate is given by

where the velocity matrices of velocity of the top plate are 
defined as

where, the subscripts Lv and Ld denote the components 
belong to DAM with and without VCM; the subscripts 
NV  and ND are the number of DAM with and without 
VCM, respectively.

The matrix AL is defined as

where bdiag.(X1, . . . , X2, . . . , XP) denotes a block-
diagonal matrix constructed from the submatrices 
X1,X2, . . . ,XP on its diagonal.

(17)V vm = {vvm|AVvmvvm ≤ bVvm},

AVvm = ALvmW
T
GVm,

(18)

WGVm =
[

B
ek

B
ek

B
ek

B
ek

B
pBk1 × B

ek
B
pBk2 × B

ek
B
pB(k+1)1 × B

ek
B
pB(k+1)2 × B

ek

]

∈ R
n×4; k = ND + 2m− 1;m = 1, . . .NV .

(19)V = {v|AV v ≤ bV },

(20)AV = ALW
T
G ,

(21)bV = [ bTLd1 . . . b
T
LdND

bTLv1 . . . b
T
LvNV

]T,

(22)AL = bdiag.(ALd1, . . . , ALdND
, ALv1, . . . , ALvNV ),

The contribution of matrix WG to the resultant force 
on the top plate is given by:

where WGi and WGVm are obtained from Eqs. (13) and 
(18).

d. Span form of the producible velocity space
The face form of the producible velocity space does not 
clarify the directions and number of dimensions of the 
generated velocities. For this purpose, the face form Eq. 
(19) is converted to the following span form:

using the method proposed in [18]. The results for all 
vertices are represented in the following matrix A:

where β is the number of vertices.
Yoshikawa [19] mentioned the concepts of active and 

passive closure which are critically important for ana-
lyzing grasping and manipulation by robotic hands and 
the constraining mechanisms such as fixtures and vises. 
Passive and active closure refer to the ability of fixing and 
manipulating objects, respectively. In our research, the 
active constraint space SAC is defined as the space cov-
ered by the top plate velocities and movements. Con-
versely, the passive constraint space SPC is the space 
wherein the top plate cannot move. Mathematically, 
these spaces are defined as follows:

Details of step 3: check the vector closure condition 
within the producible velocity space by static force analysis 
(SFA)
The above mentioned kinematical analysis step obtains 
the active and passive constraint spaces (SAC and SPC , 
respectively). However, although the vector closure con-
dition is a necessary condition in step 1, this judgment 
is made over the whole motion space. Consequently, 
whether the resultant force can be produced in any 
direction within the active constraint space SAC is not 
confirmed. Therefore the SFA is used as the sufficient 
condition for judging RDWM candidates. The SFA pro-
cedure is detailed below.

First, the whole motion space coordinate is converted 
to the producible velocity space coordinate.

The static force relation between FG and T  is given by:

(23)

WG = [WG1 . . . WGND
WGV 1 . . . WGVNV

]T ∈ R
n×2(ND+2NV )

(24)V =
{

β
∑

t=1

�tvt |
β
∑

t=1

�t ≤ 1, �t ≥ 0, t ∈ [1,β]
}

,

(25)A = [v1 . . . vβ ],

(26)SAC = R(A), SPC = S⊥AC = N

(

AT
)

.

(27)FG = WGT ,
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In the 2D case, FG = [ fx fy nz ]T ∈ R3 is the result-
ant force vector that produces the global motion, 
T = [T11 T12 T21 T22 T31 T32 T41 T42 ]T ∈ R8 is the wire 
tension vector and the matrix WG is given by Eq. (23):

The matrices WGi and WGV 1 are derived from Eqs. (13) 
and (18), respectively:

Introducing the coefficient matrix α, which represents 
the tension forces of the DAMs with VCMs under passive 
constraints, we obtain

where T 3i0, i = 1, 2 are the independent tensions in the 
DAM with VCMs. Later, these tensions will be sepa-
rated into two dependent wire tensions. α3i and (1− α3i) 
should be zero or positive.

Introducing the constraint matrix C, which relates the 
set of all the wire tensions to the set of all independent 
wire tensions as follows:

Substituting Eq. (30) into Eq. (27), the static force under 
the passive constraints imposed by the VCMs is given by

where

with

WGC1 =
[

Be3
Be3

{

α31
BpB31 + (1− α31)

BpB41
}

× Be3
{

α31
BpB31 + (1− α31)

BpB41
}

× Be3

]

∈ R3×2.

(28)WG = [WG1WG2WGV 1 ]T ∈ R3×8.

WGi =
[

Bei
Bei

BpBi1 × Bei
BpBi2 × Bei

]

∈ R3×2, i = 1, 2,

WGV 1 =
[

B
e3

B
e3

B
e3

B
e3

B
pB31 × B

e3
B
pB32 × B

e3
B
pB41 × B

e3
B
pB42 × B

e3

]

∈ R
3×4

(29)









T 31

T 32

T 41

T 42









= α

�

T 310

T 320

�

, α =









α31 0

0 α32
1− α31 0

0 1− α32









∈ R
4×2

,

(30)T = CTTC ,

C =
[

E4 0
0 α

]

∈ R8×6;

T c = [T11 T12 T21 T22 T310 T320 ]T ∈ R6

(31)FG = WGCTC ,

(32)WGC = [WG1WG2WGC1 ]T ∈ R3×6,

In constrast, the producible global velocity, that is, the 
translational velocity ṗ in the global motion space, is 
determined by kinematical analysis as follows:

where, vG = [ ṗT φ̇T ]T ∈ R3, ṗ ∈ R2. The producible 
velocity matrix CP, which relates the translational veloc-
ity ṗ and the global motion velocity vG is defined as 
follows:

As the velocity relation is dual to the static force relation, 
the resultant force for global motion in the velocity pro-
ducible space is given by:

Substituting FG in Eq. (31) into Eq. (34), the static force 
relation between f  and TC is obtained as:

Note that the moments in FG, which include the coeffi-
cients α3i will be disappeared.

The same result can be obtained through Eqs. (34), (27) 
and (30):

where W CVC is the matrix of resultant force on the top 
plate in the constraint space. It is derived as follows:

In the general case, let us suppose that the RDWM 
includes ND DAMs without VCMs and NV  DAMs 
with VCMs. Then we have FG = [ f T nT ]T ∈ Rn, 
where f ∈ Rp and n ∈ Rn−p, [here, (n, p)  =  (2, 1) in 
1D, (3, 2) in 2D and (6, 3) in 3D]. FG is the resultant  
force vector that produce global motion, 
T = [T11T12 . . .TND1

TND2
T
(ND+1)1T(ND+1)2T(ND+2)1

T
(ND+2)2 . . .T(ND+2NV−1)1T(ND+2NV−1)2T(ND+2NV )1

T
(ND+2NV )2

]T ∈ R
2(ND+2NV ) is the wire tension vector. 

The matrix WG is given by Eq. (23):

(33)vG = CP ṗ,

CP =





1 0
0 1
0 0



 ∈ R3×2.

(34)f = CT
PFG ,

(35)f = CT
PWGCTC .

(36)f = W CVCTC ,

(37)W CVC = CT
PWGC ,

(38)
WG = [WG1 . . . WGND

WGV 1 . . . WGVNV
]T

∈ R
n×2(ND+2NV ),
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where the matrices WGi and WGVm are obtained from 
Eqs. (13) and (18).

Again introducing the coefficient matrix α, which rep-
resents the tension forces of the DAMs with VCMs under 
passive constraints, we obtain

where k = ND + 2m− 1;m = 1, . . . ,NV .
Here, T ku0,u = 1, 2 are the independent tensions in 

the DAM with VCMs, which later separate into two 
dependent wire tensions, T (k+u−1)1,T (k+u−1)2, and αku 
(0 ≤ αku ≤ 1,u = 1, 2) is the coefficient that distributes 
the wire tensions T ku0 into two dependent wire tensions.

Introducing the constraint matrix C, which relates the 
set of all the wire tensions to the set of all independent 
wire tensions as follows:

where T c =
[

T11T12 . . .TND1
TND2

T
(ND+1)10T(ND+1)20T(ND+3)10

T
(ND+1)20 . . .T(ND+1NV−1)10T(ND+2NV−1)20

]T ∈ R
2(NDlNV ) is the 

vector of independent wire tensions.
Here,

E2ND ∈ R2ND×2ND is the identity matrix.
Substituting Eq. (40) into (27), the static force relation 

under the passive constraints imposed by the VCMs is 
given by

where

here

(39)







T k1

T k2

T (k+1)1

T (k+1)2






= αm

�

T k10

T k20

�

,

αm =







αk1 0

0 αk2
1− αk1 0

0 1− αk2






∈ R

4×2

(40)T = CTTC ,

(41)

C = bdiag.(E2ND , α1, . . . ,αNV ) ∈ R2(ND+2NV )×2(ND+NV )

(42)FG = WGCTC ,

(43)
WGC = [WG1 · · ·WGND WGC1 · · ·WGCND ]T

∈ Rn×2(ND+2NV ),

WGi =
[

Bei
Bei

BpBi1 × Bei
BpBi2 × Bei

]

∈ Rn×2i = 1, . . .ND,

WGCm =
[

Bek
Bek

{

αk1
BpBk1 + (1− αk1)

BpB(k+1)1

}

× Bek
{

αk2
BpBk2 + (1− αk2)

BpB(k+1)2

}

× Bek

]

∈ Rn×2, (k = ND + 2m− 1;m = 1, . . .NV ).

Again, the producible global velocity (translational 
velocity ṗ in the global motion space) is derived from 
kinematical analysis:

where, vG = [ ṗT φ̇T ]T ∈ Rn, ṗ ∈ Rp. The producible 
velocity matrix CP, which relates the translational veloc-
ity ṗ and the global motion velocity vG is defined as 
follows:

[(n, p) = (2, 1) in 1D, (3, 2) in 2D and (6, 3) in 3D].
As the velocity relation is dual to the static force rela-

tion, the resultant force for global motion in the velocity 
producible space is given by:

Substituting FG in Eq. (42) into (45), the static force rela-
tion between f  and TC is obtained as:

Note that the moments in FG, which include the coeffi-
cients αku will be disappeared.

The same result can be obtained through Eqs. (45), (27) 
and (40):

where W CVC is the matrix of resultant force on the top 
plate in the constraint space. It is derived as follows:

Second, Eq. (36) or (47) will be used in SFA for judging 
whether the resultant force can be produced in any direc-
tion within the active constraint space SAC. The proce-
dure is described below.

C1) Find rank(W CVC).
C2) Find a vector TC > 0 that satisfies W CVCTC = 0.

The rank(W CVC) in condition C1 defines the number of 
directions where the resultant forces are produced in the 
active constraint space SAC. If rank(W CVC) is full, the 
resultant forces can be produced in any direction in SAC . 
In contrast, if rank(W CVC) is not full, the resultant force 
(and hence the velocity of the top plate) will be forbid-
den in one or more directions. In this case, the SFA fails 
and the RDWM candidate should be eliminated. Under 

(44)vG = CP ṗ,

CP =
[

Ep×p

O(n−p)×p

]

∈ Rn×p,

(45)f = CT
PFG ,

(46)f = CT
PWGCTC ,

(47)f = W CVCTC ,

(48)W CVC = CT
PWGC ,
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condition C2, the matrix W CVC is non-regular because 
the sizes of the wire tension vector in the constraint coor-
dinate TC and the resultant force vector in the active 
constraint space cF  are mismatched. Consequently, the 
number of roots exceeds the number of equations. If 
the candidate RDWM configuration is feasible, we can 
find a positive value of the wire tension TC satisfying 
W CVCTC = 0. If the RDWM candidate passes the SFA, 
the resultant force can be produced in any direction 
within the active constraint space.

The proposed procedure with three steps specify 
the necessary and sufficient conditions for judging the 
RDWM candidates, respectively. If a candidate RDWM 
satisfies the above procedure, it can generate the desired 
motions. Hence, the proposed judgment determines 
proper configurations of the RDWM.

Numerical examples
Proper configuration of the 1D wire mechanism with one 
VCM
The 1D wire mechanism with one VCM is shown in 
Fig. 6. Here, the top plate under the gravity force will be 
suspended by one VCM. The gravity force p = mg has 
any positive value which depends on the mass of the top 
plate m under the acceleration of gravity g. For the pur-
pose of simplifying, let’s assume that the gravity force has 
the magnitude p = 1 [N].

Necessary condition check (step 1)
In step 1, the matrix WG that contributes to the resultant 
force on the top plate is given by Eq. (23) with only one 
VCM contain two wires as follows:

The first row of WG above has all zero elements so the 
top plate cannot move in X direction. Then, WG can be 
written again as follows:

For checking vector closure condition, the gravity force 
on the top plate is introduced. Then the matrix ˜WG con-
tains the gravity component is shown as follows:

Correspond to the matrix ˜WG is a vector 
˜T = [T1 T2 p ]T ∈ R3 which contains the wire tensions 
T1,T2 and the gravity force p. It is easily seen that:

1. rank(˜W ) = 2.
2. The vector ˜T 0 = [ 0.5 0.5 1 ]T ∈ R3 > 0 satisfies 

˜W ˜T 0 = 0.

Therefore, this 1D wire mechanism satisfies step 1 and 
the analysis proceeds to the step 2 as follows.

KA (step 2)
The matrices of contribution of VCM to the velocity of 
the top plate is given as follows:

The matrices of top plate velocities AV  and bV  are given 
by Eqs. (20) and (21), respectively. The result are given 
below:

From the above AV , bV , we solve the convex sets men-
tioned in Eqs. (19) and (24). The vertex sets in matrix A , 
the active constraint space SAC and passive constraint 
space SPC of the 1D wire mechanism are found by Eqs. 
(25) and (26). The result are shown below.

(49)WG =





0 0
1 1
44 56



 ∈ R3×2.

(50)WG =
[

1 1
44 56

]

∈ R2×2.

(51)˜W =
[

1 1 −1
44 56 −50

]

∈ R2×3.

(52)AL =









−1 0

1 0

1 1

−1 1









∈ R4×2, bL =









1

1

0

0









∈ R4.

(53)AV =









−1 −44

1 44

0 12

0 −12









∈ R4×2, bV =









1

1

0

0









∈ R4.

Fig. 6 1D wire mechanism with one VCM
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Equation (55) shows that in this case, the active con-
straint space SAC produced by the top plate allows 
motion in the Y direction and the orientation is fixed 
around the Z-axis.

SFA (step 3)
The matrix ˜W CVC that relates the wire tension vector in 
the constraint coordinate is derived from Eq. (48) then it 
is used for SFA. Because the wire tension in the general 
space is the same as the wire tension in the constraint 
space, the matrix C is an identity matrix in this case. The 
contents of the matrix ˜W CVC are given below:

˜W CVC contains some of the elements of matrix ˜WG. We 
then have:

1. rank(˜W CVC) = 1.
2. The vector ˜T 0 = [ 0.5 0.5 1 ]T ∈ R3 > 0 satisfies 

˜W CVC
˜T 0 = 0.

The above analysis reveals that ˜W CVC is a full-ranked 
matrix. Moreover, there is a vector ˜T 0 that satisfies 
˜W CVC

˜T 0 = 0. Consequently, this wire mechanism satis-
fies step 3 and the resultant force can be produced in any 
direction within the active constraint space SAC.

Because it passes all three of the judgment steps, this 
wire mechanism is a proper configuration that achieves 
the desired active constraint space SAC in Y direction.

Proper configuration of the planar RDWM with fixed 
orientation around the Z‑axis while maintaining 
translational motion in the X and Y directions
Suppose we require a planar RDWM wherein the desired 
active constraint space SAC is the XOY plane and the pas-
sive constraint space SPC is the orientation around the 
Z-axis of the top plate. Various configurations of the pla-
nar RDWM are proposed and assessed by the judgment 
procedure developed in the previous section. All length-
based parameters in this analysis are in (cm).

First configuration: planar RDWM with four DAMs
The first configuration is a wire mechanism with four sets 
of DAMs, as shown in Fig. 3.

(54)
A =

[

−1 1
0 0

]

∈ R2×2

(55)SAC = R

([

1
0

])

, SPC = R

([

0
1

])

.

(56)˜W CVC =
[

1 1 −1
]

∈ R1×3,

Necessary condition check (step 1)
In step 1, the matrix WG that contributes to the resultant 
force on the top plate is given by Eq. (23) as follows:

It is easily seen that:

1. rank(WG) = 3.
2. The wire tension vector T 0 = [ 5 5 5 5 3 3 3 3 ]T

∈ R
8
> 0 satisfies WGT 0 = 0.

Therefore, this planar RDWM candidate satisfies step 1 
and the analysis proceeds to the step 2 as follows.

KA (step 2)
The matrix of total contribution of DAMs to the velocity 
of the top plate is given by Eq. (22):

Equation (11) presents the contents of ALd1, ALd2, ALd3, 
ALd4 and bLd1, bLd2, bLd3, bLd4. The matrices of top plate 
velocities AV  and bV  are given by Eqs. (20) and (21), 
respectively. The result are given below:

From the above AV , bV , we solve the convex sets men-
tioned in Eqs. (19) and (24). The vertex sets in matrix A , 
the active constraint space SAC and passive constraint 
space SPC of the planar RDWM with four sets of DAM 
are found by Eqs. (25) and (26). The result are shown 
below.

(57)

WG =
1

5





−4 −4 4 4 0 0 0 0

−3 −3 −3 −3 5 5 5 5

14 −2 2 −14 40 20 −20 −40



 ∈ R
3×8

.

(58)AL = bdiag.(ALd1, ALd2, ALd3, ALd4) ∈ R16×8.

(59)

AV =
1

5

























































4 3 −14

−4 −3 14

4 3 2

−4 −3 −2

−4 3 −2

4 −3 2

−4 3 14

4 −3 −14

0 −5 −40

0 5 40

0 −5 −20

0 5 20

0 −5 20

0 5 −20

0 −5 40

0 5 −40

























































∈ R16×3, bV =

























































1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

























































∈ R16.
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Equation (61) shows that in this case, the active constraint 
space SAC produced by the top plate allows motion in the 
X, and Y directions and the rotation around the Z-axis.

SFA (step 3)
The above KA revealed that the active constraint space 
SAC is the whole motion space of the mechanism. There-
fore, the matrix W CVC which relates the wire tension 
vector to the resultant force vector in the constraint 
coordinates is exactly the matrix WG in Eq. (57). Then, 
similar to step 1, we easily observe that:

1. rank(W CVC) = 3.
2. The wire tension vector TC0 = [ 5 5 5 5 3 3 3 3 ]T

∈ R
8
> 0 satisfies W CVCTC0 = 0.

The matrix W CVC is full-ranked in the above analy-
sis. Moreover, there is a vector TC0 that satisfies 
W CVCTC0 = 0. Therefore, this RDWM candidate 
passes step 3 and the resultant force can be produced 
in any direction within the active constraint space 
SAC.

As this configuration of planar RDWM does not con-
train the velocity, velocities can be generated in any 
direction (step 2). Consequently, the contents of step 3 
are identical to those of step 1.

Therefore, to find proper configurations of a RDWM 
without VCM, only step 1 is enough. However, not only 
step 1 but also steps 2, 3 are necessary for the case of 
RDWM with VCM as revealed next.

Second configuration: planar RDWM with two DAMs and one 
DAM with a VCM
We now propose a planar RDWM configured with 
two DAMs without VCMs and one DAM with a VCM 
(see Fig.  7). This configuration is identical to the pla-
nar RDWM with four DAMs in the last example, except 
that the top two DAMs are replaced by a DAM with a 
VCM.

Necessary condition check (step 1)
The matrix WG of this configuration is given by Eq. 
(57) and step 1 proceeds as described for the first 
configuration.

(60)

A =





−1.25 1.25 −1.1875 −0.5 0.5

0 0 0 −1 1

0 0 −0.125 0 0

1.1875 0.5 −0.5 −0.8125 0.8125

0 −1 1 0 0

0.125 0 0 0.125 −0.125



 ∈ R
3×10

,

(61)SAC = R(E3), SPC = ∅.

KA (step 2)
The matrix of total contributions of the DAMs and VCM 
to the top plate’s velocity is given by Eq. (22):

Here the contents of ALd1, ALd2, ALv and bLd1, bLd2, bLv 
are shown in Eqs. (11) and (16). The matrices of top 
plate’s velocities AV , bV  are obtained from Eqs. (20) and 
(21), and the results are shown below:

From the above AV , bV , we solve the convex sets men-
tioned in Eqs. (19) and (24). The vertex sets in matrix A, 
the active constraint space SAC and the passive constraint 
space SPC of the planar RDWM with two DAMs and one 
DAM with a VCM are obtained by Eqs. (25) and (26) and 
are respectively given by

(62)AL = bdiag.(ALd1, ALd2, ALv ) ∈ R16×8.

(63)

AV =
1

5

























































4 3 −14

−4 −3 14

4 3 2

−4 −3 −2

−4 3 −2

4 −3 2

−4 3 14

4 −3 −14

0 −5 −40

0 5 40

0 0 60

0 0 −60

0 −5 −20

0 5 20

0 0 60

0 0 −60

























































∈ R16×3, bV =

























































1

1

1

1

1

1

1

1

1

1

0

0

1

1

0

0

























































∈ R16.

Top plate

DAM with VCM

Fig. 7 Planar RDWM with two DAMs and one VCM
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Equation (65) indicates that the top plate can move in the 
X and Y directions but its orientation is fixed around the 
Z-axis. Therefore, this configuration satisfies the step 2 
and the analysis proceeds to step 3.

SFA (step 3)
The matrix W CVC that relates the wire tension vector in 
the constraint coordinate is derived from Eq. (48) then 
it is used for SFA. The contents of this matrix are given 
below:

W CVC contains some of the elements of matrix WG. We 
then have:

1. rank(W CVC) = 2.
2. The wire tension vector TC0 = [ 3 2 3 2 3 3 ]T ∈ R

6
> 0 

satisfies W CVCTC0 = 0.

The above analysis reveals that W CVC is a full-ranked 
matrix. Moreover, there is a vector TC0 that satisfies 
W CVCTC0 = 0. Consequently, this RDWM candidate 
satisfies step 3 and the resultant force can be produced in 
any direction within the active constraint space SAC.

Because it passes all three of the judgment steps, this 
planar RDWM candidate with two DAMs and one DAM 
with a VCM is a proper configuration that achieves the 
desired active constraint space SAC in X and Y directions. 
This configuration requires two fewer actuators than the 
planar RDWM with four DAMs.

Third configuration: improper planar RDWM with two DAMs 
and one DAM with a VCM
Figure  8 shows an improper planar RDWM with two 
DAMs and one DAM with a VCM. This configuration 
has the same modules as configuration 2, but the module 
arrangement is inappropriate.

Necessary condition check (step 1)
In step 1, the matrix WG of contributions to the resultant 
force exerted on the top plate is obtained by Eq. (23) as 
follows:

(64)

A =





−1.25 1.25 −0.5 0.5 0.5 −0.5

0 0 −1 1 −1 1

0 0 0 0 0 0



 ∈ R
3×6

,

(65)SAC = R









1 0
0 1
0 0







, SPC = R









0
0
1







.

(66)

W CVC =
1

5

[

−4 −4 4 4 0 0
−3 −3 −3 −3 5 5

]

∈ R2×6,

It is easily determined that although rank(WG) = 3 (satis-
fying the necessary condition C1), this configuration fails 
C2. The resultant moments around the Z-axis (third row 
of matrix WG) are all negative, meaning that any positive 
wire tension vector will produce a clockwise moment. 
Therefore, the mechanism fails step 1, so the judgment 
procedure is terminated and this RDWM candidate is 
eliminated.

Proper configuration of 3D RDWM with fixed orientations 
around X‑, Y‑, and Z‑axes while maintaining translational 
motions in the X, Y and Z directions
Similar to the previous example, we now develop a 3D 
RDWM wherein the desired active constraint space 
SAC enables motions of the top plate in the X, Y and Z 
directions, and the passive constraint space SPC prohib-
its orientation of the top plate around the three axes. 
We propose two 3D configurations and apply the judg-
ment procedures in the previous section to determine 
whether the mechanisms can produce the desired active 

(67)

WG =
1

5







0 0 4 4 0 0 0 0

−5 −5 −3 −3 5 5 5 5

−70 −90 −12 −28 −10 −30 −70 −90






∈ R

3×8
.

Fig. 8 Improper planar RDWM configuration with two DAMs and 
one VCM
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constrained motion space. As before, the unit of all 
length-related parameters is (cm).

First configuration: 3D RDWM with seven DAMs
The first configuration is a wire mechanism using seven 
set of DAMs, as shown in Fig. 9.

Necessary condition check (step 1)
In step 1, the matrix WG contributing to the resultant 
force exerted on the top plate is obtained by Eq. (23). It is 
easy to clarify that this 3D RDWM candidate satisfies the 
step 1; thus, the analysis proceeds to step 2.

KA (step 2)
From the AV , bV  in Eq. (78) in Appendix 3, the convex set 
in Eqs. (19) and (24) can be solved. The results includes 
the vertex sets in matrix A (sized 6 × 172). Then, the 
active constraint space SAC, the passive constraint space 
SPC of the 3D RDWM with seven DAM sets are obtained 
by Eq. (26). The result is shown below:

Equation (68) means that in this configuration, the active 
constraint space SAC produced by the top plate allows 
motions of the top plate in the X, Y, and Z directions and 
also rotations around all three axes.

SFA (step 3)
The above KA reveals that the active constraint space SAC 
is the whole motion space of the mechanism. Therefore, 
the matrix W CVC which relates the wire tension vector to 
the resultant force vector in the constraint coordinates is 
exactly the matrix WG . Then, similar to step 1, we can 

(68)SAC = R(E6), SPC = ∅.

easily determine that this RDWM candidate satisfies step 
3 and generates a resultant force in any direction within 
the active constraint space SAC.

Second configuration: 3D RDWM with four sets of DAMs 
with VCMs
Finally, we configure a 3D RDWM with four sets of 
DAMs each with a VCM (see Fig. 10).

Necessary condition check (step 1)
Step 1 analyzes the following matrix WG of contribu-
tions to the resultant force on the top plate. This matrix, 
obtained from Eq. (23) is given by:

It is easily observed that

1. rank(WG) = 6.
2. The wire tension vector T 0 = [ 5 5 35 35 10 10

70 70 5 5 35 35 10 10 70 70 ]T ∈ R
16

> 0 satisfies 
WGT 0 = 0.

Therefore, this 3D RDWM candidate satisfies step 1 and 
the analysis proceeds to step 2.

KA (step 2)
As the previous examples, step 2 derives the active con-
straint space SAC and the passive constraint space SPC of 
the 3D RDWM using four sets of DAMs with VCMs by 
Eq. (26). The result is shown below:

Equation (70) shows that the configured 3D RDWM 
can move in the X, Y and Z directions but cannot rotate 
around the X-, Y- and Z-axes. Therefore, this configura-
tion satisfies step 2 and the analysis proceeds to step 3.

SFA (step 3)
The matrix W CVC which relates the wire tension vector to 
the resultant force vector in the constrained coordinate is 

(69)

WG =
1

3

















−1 −1 −1 −1 2 2 2 2

−2 −2 −2 −2 2 2 2 2

−2 −2 −2 −2 1 1 1 1

34 26 10 2 −24 −12 12 24

−24 −12 12 24 7 −1 −17 −25

7 −1 −17 −25 34 26 10 2

1 1 1 1 −2 −2 −2 −2

2 2 2 2 −2 −2 −2 −2

−2 −2 −2 −2 1 1 1 1

−34 −26 −10 −2 24 12 −12 −24

24 12 −12 −24 −7 1 17 25

7 −1 −17 −25 34 26 10 2

















∈ R
6×16

.

(70)SAC = R

([

E3

O3

])

, SPC = R

([

O3

E3

])

.

DAM

Top plate

Frame

Fig. 9 3D RDWM with seven DAMs



Page 15 of 22Le et al. Robomech J  (2016) 3:22 

derived from Eq. (48) and subjected to SFA. The content 
of this matrix are shown below:

The matrix W CVC contains some of the elements of 
matrix WG. We then have:

1. rank(W CVC) = 3.
2. The wire tension vector TC0 = [ 7 1 14 2 5 3 6 10 ]T

∈ R
8
> 0 satisfying W CVCTC0 = 0.

The above analysis shows that W CVC is a full-ranked 
matrix. Moreover, as there exists a vector TC0 satisfying 
W CVCTC0 = 0, this RDWM candidate satisfies step 3 and 
the resultant force can be produced in any direction within 
the active constraint space SAC. Because it passes all three 
steps of the judgment procedure, the four sets of DAMs 
with VCMs form a proper 3D RDWM configuration that 
generates the desired active constraint space SAC in the X, 
Y and Z directions. This configuration requires six fewer 
actuators than the 3D RDWM with seven DAMs.

Conclusions
This study addresses a method to reduce the required 
number of actuators for redundant drive wire mecha-
nism (RDWM)—wire mechanism that can produce 
fast and fine motions by introducing velocity constraint 
modules (VCMs) into its configuration. The concept of 
the research is producing the top plate with fast-trans-
lational motion for moving through large working space 
while fixing its orientations by using VCMs. Instead of 

(71)W CVC =
1

3





−1 −1 2 2 1 1 −2 −2
−2 −2 2 2 2 2 −2 −2
−2 −2 1 1 −2 −2 1 1



 ∈ R3×8,

changing the orientation of the whole top plate, the ori-
entation of the end point of top plate can be changed 
largely to produce fine motion by local mechanism. This 
study also proposed a procedure that judges whether an 
RDWM configuration is appropriate for generating the 
target motions. The main results are summarized below:

1. A procedure for judging candidate RDWMs was 
introduced. Similar to a conventional wire mecha-
nism, an RDWM must generate a resultant force 
in any direction over the whole motion space. The 
VCMs must then constrain the orientation of the top 
plate by judging the producible velocity space of the 
top plate. Because the top plate moves in a restricted 
region of the space, it must produce a resultant force 
in any direction within this space. Each of these 
requirements is tested in one step of the proposed 
three-steps judgment procedure. The validity of the 
judgment procedure was confirmed in numerical 
examples of 1D, 2D and 3D configurations.

VCM

Frame

Top plate

Fig. 10 3D RDWM with four VCMs

2. The examples verified that VCMs effectively reduce 
the number of actuators while maintaining the 
orientation of the top plate. Moreover, in the 3D 
RDWM configured with four sets of DAMs with 
VCMs, the sets of tensions in the four directions 
generate translational forces in any direction on the 
top plate, enabling global translational motions in 
3D space.

The findings of this study will contribute to the struc-
ture design of a RDWM with VCMs. An investigation on 
vibration from the wire elasticity and a vibration suppres-
sion method will be considered in future work.
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Appendix 1: List of notations and symbols
See Table 1. 

Appendix 2: Derivation of the wire matrix
Position of wire end points on the top plate w.r.t the top 
plate coordinate TpBij
First, the vectors TpTCi, TpTDi and radii Ri are defined. 
The positions of the wire end points on the top plate w.r.t 
the top plate coordinate TpBij are then given by the fol-
lowing equation:

Position of wire end points on the top plate w.r.t the base 
coordinate BpBij
This is given by the following equation:

where BpT is the initial position of the top plate and BRT 
is the rotational matrix from the base coordinate relative 
to the top coordinate.

(72)

{

TpBi1 = TpTCi + TpTDi,
TpBi2 = TPTCi − TpTDi.

(73)BpBij = BpT + BRT
TpBij ,

Calculating the wire vectors Beij
The wire vectors are computed by the following equation:

where, BpAij =
[

BxAij
ByAij

BzAij
]T are the positions of the 

wire end points on the frame w.r.t the base coordinate and 
BpBij =

[

BxBij
ByBij

BzBij
]T represents the positions of the 

wire end points on the top plate w.r.t the base coordinate. The 
symbol ‖.‖ in Eq. (74) denotes the Euclidean norm of a vector.

Derivation of the wire matrix
The whole wire matrix of the RDWM is defined as

where, the matrix W  contains the matrix WG of con-
tributions to the resultant force on the top plate. WG is 
given by Eq. (23) and the matrix W L of contributions to 
the local moments of the local pulleys is given by:

(74)
Beij =

BpAij − BpBij

�BpAij − BpBij�
,

(75)W =
[

WG

W L

]

∈ R(n+ND+2NV )×2(ND+2NV ),

Table 1 List of notations and symbols

No. Notations or 
symbols

Description Locations

1. × The cross product of two vectors in R3.For two vectors in R2, the result of this 

product is a scalar as follows: give a = [a1 a2]
T

, b = [b1 b2]
T

; then: 

a × b =
∣

∣

∣

∣

a1 a2
b1 b2

∣

∣

∣

∣

= a1b2 − a2b1

Eqs. (13), (18)

2. n Number of global motion DoFs of the top plate Details of step 1, Eqs. (13), (18)

3. Subscripts:

Ld Denote component belongs to DAM Eqs. (21), (22), (23)

Lv Denote component belongs to VCM Eqs. (21), (22), (23)

ND Number of DAM with VCM Eqs. (21), (22), (23)

NV Number of DAM without VCM Eqs. (21), (22), (23)

k Ordering number of DAM without VCM contains in DAM with VCM Eqs. (18), (39)

4. WGi Matrix of global motion from DAM without VCM Eq. (23)

5. WGVm
Matrix of global motion from DAM with VCM Eq. (23)

6. SAC, SPC Active and passive constraint space Eq. (26)

7. α Coefficient matrix Eqs. (29), (39)

8. C Constraint matrix Eqs. (30), (40), (41)

9. CP Producible global velocity matrix Eqs. (33), (44), (48)

10. WCVC Matrix of resultant force on the top plate in the constraint space Eqs. (37), (48)

(76)
W L =









R1 −R1 0 0 . . . 0 0
0 0 R2 −R2 . . . 0 0
...

...
...

...
...

...
...

0 0 0 0 . . . RN −RN









∈ R(ND+2NV )×2(ND+2NV )
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Appendix 3: Parameters determinations in  each 
configuration
1D wire mechanism with one VCM
Positions of wire end points on the top plate w.r.t the top 
plate coordinate

Set of positions BpT  and orientations BRT  of the top plate

Positions of wire end points on the top plate
From Eq. (73):

Position of wire end points on the frame
The following positions of the wire end points on the 
frame are shown as follows:

Calculating the wire vectors Bei
The wire vectors Bei were calculated by Eq. (74).

Planar RDWM with four DAMs
Defining TpTCi, Ri, TpTDi and TpBij

The pulley radii are R1 = R2 = R3 = R4 = 2.

Positions of wire end points on the top plate w.r.t the top 
plate coordinate
From Eq. (72):

Set of positions BpT  and orientations BRT  of the top plate

TpB1 = [−6 10]T, TpB2 = [6 10]T,

BpT = [50 50]T, BRT =
[

1 0
0 1

]

∈ R2×2.

BpB1 = [44 60]T, BpB2 = [56 60]T

BpA1 = [44 90]T, BpA2 = [56 90]T.

Be1 = Be2 = [0 1]T

TpTC1 = [−10 − 6]T, TpTC2 = [10 − 6]T,

TpTC3 = [6 10]T, TpTC4 = [−6 10]T.

TpTD1 = [0 2]T, TpTD2 = [0 − 2]T,

TpTD3 = [2 0]T, TpTD4 = [2 0]T.

TpB11 = [−10 − 4]T, TpB12 = [−10 − 8]T,

TpB21 = [10 − 8]T, TpB22 = [10 − 4]T,

TpB31 = [8 10]T, TpB32 = [4 10]T,

TpB41 = [−4 10]T, TpB42 = [−8 10]T.

BpT = [50 50]T, BRT =
[

1 0
0 1

]

∈ R2×2.

Positions of wire end points on the top plate
From Eq. (73):

Position of wire end points on the frame
The following positions of the wire end points on the 
frame were ensured by appropriately arranging the 
DAMs on the frame:

Calculating the wire vectors Beij
The wire vectors Beij were calculated by Eq. (74).

Planar RDWM with two DAMs and one VCM
The values of the parameters TpTCi, Ri, TpTDi, TpBij, BpT , 
BRT and BpBij were those assigned to the planar RDWM 
with four DAMs.

Positions of wire end points on the frame
The following positions of the wire end points on the 
frame were ensured by appropriately arranging the 
DAMs and VCMs on the frame:

Calculating the wire vectors Beij
The wire vectors Beij calculated by Eq. (74), were identical 
to those of the planar RDWM with four DAMs.

Improper planar RDWM with two DAMs and one VCM
Defining TpTCi, Ri, TpTDi and TpBij

BpB11 = [40 46]T, BpB12 = [40 42]T,

BpB21 = [60 42]T, BpB22 = [60 46]T,

BpB31 = [58 60]T, BpB32 = [54 60]T,

BpB41 = [46 60]T, BpB42 = [42 60]T.

BpA11 = [10 23.5]T, BpA12 = [10 19.5]T,

BpA21 = [90 19.5]T, BpA22 = [90 23.5]T,

BpA31 = [58 90]T, BpA32 = [54 90]T,

BpA41 = [46 90]T, BpA42 = [42 90]T.

Be11 = Be12 = [−4/5 − 3/5]T,

Be21 = Be22 = [4/5 − 3/5]T,

Be31 = Be32 = [0 1]T,

Be41 = Be42 = [0 1]T.

BpA11 = [10 23.5]T, BpA12 = [10 19.5]T,

BpA21 = [90 19.5]T, BpA22 = [90 23.5]T,

BpA31 = [58 85]T, BpA32 = [54 90]T,

BpA41 = [46 85]T, BpA42 = [42 90]T.

TpTC1 = [16 − 20]T, TpTC2 = [20 − 10]T,

TpTC3 = [−4 20]T, TpTC4 = [−16 20]T.
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The pulley radii are: R1 = R2 = R3 = R4 = 2.

The position of the wire end points on the top plate w.r.t 
the top plate coordinate were calculated by Eq. (72):

Set of positions BpT  and orientations BRT  of the top plate

Positions of wire end points on the top plate
From Eq. (73):

Positions of wire end points on the frame
The positions of the wire end points on the frame were 
ensured by appropriately arranging the DAMs and VCMs 
on the frame:

Calculating the wire vectors Beij
The wire vectors Beij calculated by Eq. (74) are shown 
below:

3D RDWM with seven DAMs
Defining TpTCi, Ri, TpTDi, and TpBij

TpTD1 = [−2 0]T, TpTD2 = [0 − 2]T,

TpTD3 = [2 0]T, TpTD4 = [2 0]T.

TpB11 = [14 − 20]T, TpB12 = [18 − 20]T,

TpB21 = [20 − 12]T, TpB22 = [20 − 8]T,

TpB31 = [−2 20]T, TpB32 = [−6 20]T,

TpB41 = [−14 20]T, TpB42 = [−18 20]T.

BpT = [50 50]T, BRT =
[

1 0
0 1

]

∈ R2×2.

BpB11 = [64 30]T, BpB12 = [68 30]T,

BpB21 = [70 38]T, BpB22 = [70 42]T,

BpB31 = [48 70]T, BpB32 = [44 70]T,

BpB41 = [36 70]T, BpB42 = [32 70]T.

BpA11 = [64 0]T, BpA12 = [68 0]T,

BpA21 = [118 2]T, BpA22 = [118 6]T,

BpA31 = [48 95]T, BpA32 = [44 100]T,

BpA41 = [36 95]T, BpA42 = [32 100]T.

Be11 = Be12 = [0 − 1]T,

Be21 = Be22 = [4/5 − 3/5]T,

Be31 = Be32 = [0 1]T,

Be41 = Be42 = [0 1]T.

T
pTC1 = [−10 − 6 10]

T
,

T
pTC2 = [10 − 6 10]

T
,

T
pTC3 = [6 10 10]

T
,

T
pTC4 = [−6 10 10]

T
,

T
pTC5 = [−10 6 − 10]

T
,

T
pTC6 = [0 − 10 − 10]

T
,

T
pTC7 = [10 6 − 10]

T
.

The pulley radii are: R1 = R2 = R3 = R4 = R5

= R6 = R7 = 2.

The positions of the wire end points on the top plate w.r.t 
the top plate coordinate were calculated by Eq. (72):

Sets of position BpT  and orientations BRT  of the top plate

Positions of wire end points on the top plate
From Eq. (73):

Positions of wire end points on the frame
The positions of the wire end points on the frame were 
ensured by appropriately arranging the DAMs on the 
frame:

TpTD1 = [0 2 0]T, TpTD2 = [0 − 2 0]T,

TpTD3 = [2 0 0]T, TpTD4 = [2 0 0]T,

TpTD5 = [0 2 0]T, TpTD6 = [−2 0 0]T,

TpTD7 = [0 − 2 0]T.

T
pB11 = [−10 − 4 10]

T
,

T
pB12 = [−10 − 8 10]

T
,

T
pB21 = [10 − 8 10]

T
,

T
pB22 = [10 − 4 10]

T
,

T
pB31 = [8 10 10]

T
,

T
pB32 = [4 10 10]

T
,

T
pB41 = [−4 10 10]

T
,

T
pB42 = [−8 10 10]

T
,

T
pB51 = [−10 8 − 10]

T
,

T
pB52 = [−10 4 − 10]

T
,

T
pB61 = [−2 − 10 − 10]

T
,
T
pB62 = [2 − 10 − 10]

T
,

T
pB71 = [10 4 − 10]

T
,

T
pB72 = [10 8 − 10]

T
.

BpT = [50 50 50]T, BRT =





1 0 0
0 1 0
0 0 1



 ∈ R3×3.

BpB11 = [40 46 60]T, BpB12 = [40 42 60]T,

BpB21 = [60 42 60]T, BpB22 = [60 46 60]T,

BpB31 = [58 60 60]T, BpB32 = [54 60 60]T,

BpB41 = [46 60 60]T, BpB42 = [42 60 60]T,

BpB51 = [40 58 40]T, BpB52 = [40 54 40]T,

BpB61 = [48 40 40]T, BpB62 = [52 40 40]T,

BpB71 = [60 54 40]T, BpB72 = [60 58 40]T.

BpA11 = [10 46 100]T, BpA12 = [10 42 100]T,

BpA21 = [90 42 100]T, BpA22 = [90 46 100]T,

BpA31 = [58 90 100]T, BpA32 = [54 90 100]T,

BpA41 = [46 90 100]T, BpA42 = [42 90 100]T,

BpA51 = [10 58 0]T, BpA52 = [10 54 0]T,

BpA61 = [48 10 0]T, BpA62 = [52 10 0]T,

BpA71 = [90 54 0]T, BpA72 = [90 58 0]T.
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Calculating the wire vectors Beij
The wire vectors Beij were calculated by Eq. (74) and are 
listed below:

KA (step 2)
From Eq. (22), the matrix of total VCM contributions to 
the velocity of the top plate is given by:

The contents of ALdi and bLdi are shown in Eq. (11). The 
matrices of the top plate’s velocity AV  and bV  were then 
obtained by Eqs. (20) and (21). The result shown below:

Be21 = Be22 = [−3/5 0 4/5]T,

Be31 = Be32 = [3/5 0 4/5]T,

Be41 = Be42 = [0 3/5 4/5]T,

Be11 = Be12 = [0 3/5 4/5]T,

Be51 = Be52 = [−3/5 0 − 4/5]T,

Be61 = Be62 = [0 − 3/5 − 4/5]T,

Be71 = Be72 = [3/5 0 − 4/5]T.

(77)
AL = bdiag.(ALd1, ALd2, ALd3,

ALd4, ALd5, ALd6, ALd7 ) ∈ R
28×14.

3D RDWM with four VCMs
Defining TpTCi, Ri, TpTDi, and TpBij

The pulley radii are given by R1 = R2 = R3 = R4 = R5 =

R6 = R7 = R8 = 2
√
2.

The positions of the wire end points on the top plate w.r.t 
the top plate coordinate were calculated by Eq. (72):

TpTC1 = [−6 − 9 6]T, TpTC2 = [6 − 9 − 6]T,

TpTC3 = [9 − 6 6]T, TpTC4 = [9 6 − 6]T,

TpTC5 = [6 9 6]T, TpTC6 = [−6 9 − 6]T,

TpTC7 = [−9 6 6]T, TpTC8 = [−9 − 6 − 6]T.

TpTD1 = [−2 0 2]T, TpTD2 = [−2 0 2]T,

TpTD3 = [0 − 2 2]T, TpTD4 = [0 − 2 2]T,

TpTD5 = [2 0 2]T, TpTD6 = [2 0 2]T,

TpTD7 = [0 2 2]T, TpTD8 = [0 2 2]T.

(78)AV =
1

5











































































































3 0 −4 16 −10 12

−3 0 4 −16 10 −12

3 0 −4 32 −10 24

−3 0 4 −32 10 −24

−3 0 −4 32 10 −24

3 0 4 −32 −2 24

−3 0 −4 16 10 −12

3 0 4 −16 −10 60

0 −3 −4 −10 32 −24

0 3 4 10 −32 24

0 −3 −4 −10 16 −12

0 3 4 10 −16 12

0 −3 −4 −10 −16 12

0 3 4 10 16 −12

0 −3 −4 −10 −32 24

0 3 4 10 32 −24

3 0 4 32 10 −24

−3 0 −4 −32 −10 24

3 0 4 16 10 −12

−3 0 −4 −16 −10 12

0 3 4 −10 8 −6

0 −3 −4 10 −8 6

0 3 4 −10 −8 6

0 −3 −4 10 8 −6

−3 0 4 16 −10 12

3 0 −4 −16 10 −12

−3 0 4 32 −10 24

3 0 −4 −32 10 −24











































































































∈ R28×6, bV =
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Sets of positions BpT  and orientations BRT  of the top plate

Positions of wire end points on the top plate
From Eq. (73):

Positions of wire end points on the frame
The positions of the wire end points on the frame were 
ensured by appropriately arranging the VCMs on the 
frame:

T
pB11 = [−8 − 9 8]

T
,

T
pB12 = [−4 − 9 4]

T
,

T
pB21 = [4 − 9 − 4]

T
,

T
pB22 = [8 − 9 − 8]

T
,

T
pB31 = [9 − 8 8]

T
,

T
pB32 = [9 − 4 4]

T
,

T
pB41 = [9 4 − 4]

T
,

T
pB42 = [9 8 − 8]

T
,

T
pB51 = [8 9 8]

T
,

T
pB52 = [4 9 4]

T
,

T
pB61 = [−4 9 − 4]

T
,

T
pB62 = [−8 9 − 8]

T
,

T
pB71 = [−9 8 8]

T
,

T
pB72 = [−9 4 4]

T
,

T
pB81 = [−9 − 4 − 4]

T
,

T
pB82 = [−9 − 8 − 8]

T
.

BpT = [50 50 50]T, BRT =





1 0 0
0 1 0
0 0 1



 ∈ R3×3.

BpB11 = [42 41 58]T, BpB12 = [46 41 54]T,

BpB21 = [54 41 46]T, BpB22 = [58 41 42]T,

BpB31 = [59 42 58]T, BpB32 = [59 46 54]T,

BpB41 = [59 54 46]T, BpB42 = [59 58 42]T,

BpB51 = [58 59 58]T, BpB52 = [54 59 54]T,

BpB61 = [46 59 46]T, BpB62 = [42 59 42]T,

BpB71 = [41 58 58]T, BpB72 = [41 54 54]T,

BpB81 = [41 46 46]T, BpB82 = [41 42 42]T.

Calculating the wire vectors Beij
The wire vectors Beij calculated by Eq. (74) are shown 
below:

KA (step 2)
From Eq. (22), the matrix of total VCM contributions to 
the top plate’s velocity is given by:

The contents of ALvm and bLvm are shown in Eq. (16). The 
velocity matrices of the top plate AV  and bV , obtained by 
Eqs. (20) and (21) are given by:

B
pA11 = [21.5 0 17]

T
,

B
pA12 = [25.5 0 13]

T
,

B
pA21 = [33.5 0 5]

T
,

B
pA22 = [37.5 0 1]

T
,

B
pA31 = [100 83 78.5]

T
,

B
pA32 = [100 87 74.5]

T
,

B
pA41 = [100 95 66.5]

T
,

B
pA42 = [100 99 62.5]

T
,

B
pA51 = [78.5 100 17]

T
,

B
pA52 = [74.5 100 13]

T
,

B
pA61 = [66.5 100 5]

T
,

B
pA62 = [62.5 100 1]

T
,

B
pA71 = [0 17 78.5]

T
,

B
pA72 = [0 13 74.5]

T
,

B
pA81 = [0 5 66.5]

T
,

B
pA82 = [0 1 62.5]

T
.

Be11 =B e12 =B e21 =B e22 = [−1/3 − 2/3 − 2/3]T,

Be31 =B e32 =B e41 =B e42 = [2/3 2/3 1/3]T,

Be51 =B e52 =B e61 =B e62 = [1/3 2/3 − 2/3]T,

Be71 =B e72 =B e81 =B e82 = [−2/3 − 2/3 1/3]T.

(79)AL = bdiag.(ALv1, ALv2, ALv3, ALv4 ) ∈ R32×16.
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(80)AV =
1

3



























































































































1 2 2 −34 24 −7

−1 −2 −2 34 −24 7

0 0 0 24 −36 24

0 0 0 −24 36 −24

1 2 2 −26 12 1

−1 −2 −2 26 −12 −1

0 0 0 24 −36 24

0 0 0 −24 36 −24

−2 −2 −1 24 −7 −34

2 2 1 −24 7 34

0 0 0 −36 24 24

0 0 0 36 −24 −24

−2 −2 −1 12 1 −26

2 2 1 −12 −1 26

0 0 0 −36 24 24

0 0 0 36 −24 −24

−1 −2 2 34 −24 −7

1 2 −2 −34 24 7

0 0 0 −24 36 24

0 0 0 24 −36 −24

−1 −2 2 26 −12 1

1 2 −2 −26 12 −1

0 0 0 −24 36 24

0 0 0 24 −36 −24

2 2 −1 −24 6 −34

−2 −2 1 24 −6 34

0 0 0 36 −24 24

0 0 0 −36 24 −24

2 2 −1 −12 −1 −26

−2 −2 1 12 1 26

0 0 0 36 −24 24

0 0 0 −36 24 −24



























































































































∈ R32×6, bV =
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∈ R32.

(83)=
{

β
∑

t=1

�tvt |
β
∑

t=1

�t ≤ 1, �t ≥ 0, t ∈ [1,β]
}

,

Equations (82) and (83) express the face form with linear 
inequality sets and the span form with the vertex sets, 
respectively. The face and span forms are conceptualized 
in panels (A) and (B) respectively in Fig. 11, and the con-
version is performed by the method proposed in [18].

Solving the convex set in Eqs. (19) and (24) with the 
above AV  and bV , the vertex sets in matrix A of the 3D 
RDWM with four sets of VCM are calculated as:

Appendix 4: Conversion from face form to span 
form
The face form is converted to span form as shown below:

(81)A =















0 1.5 6 −6 −0 −1.5 1.5 −1.5
−1.5 −0.75 −4.5 4.5 1.5 0.75 −0.75 0.75
0 1.5 0 −0 0 −1.5 −1.5 1.5
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0















∈ R6×8.

(82)V = {v|AV v ≤ bV },
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the face form expression and b shows the span form expression
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